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Abstract 

a 

We analyze the effects of soft supersymmetry breaking terms on N = 1 
supersymmetric QCD with Nf flavors and color gauge group SU(N C ). The 
mass squared of some squarks may be negative, as long as vacuum stability is 
ensured by a simple mass inequality For Nf < N c , we include the dynamics of 
the non-perturbative superpotential and use the original (s) quark and gauge 
fields, while for Nf > N c + 1, we formulate the dynamics in terms of dual 
(s)quarks and a dual gauge group SU(Nf — N c ). The presence of negative 
squark mass squared terms leads to spontaneous breakdown of flavor and color 
symmetry. We determine this breaking pattern, derive the spectrum, and argue 
that the masses vary smoothly as one crosses from the Higgs phase into the 
confining phase. 
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1. Introduction 



The understanding of the dynamics of supersymmetric gauge theories has vastly 
improved through a combined use of the kinematical constraints of holomorphy 
and the dynamical assumption of duality. Whereas a number of exact results are 
known in theories with extended supersymmetry |I[ , a reliable qualitative picture has 
emerged in theories with simple (N = 1) supersymmetry as well 0-0. Properties 
such as confinement and dynamical chiral symmetry breaking are found to interplay 
in a variety of different ways, depending on the numbers of colors N c and flavors Nf 
of quarks and squarks. 

Seiberg has proposed that these features are not restricted to N = 1 supersym- 
metric gauge theories, but should survive - at least in a qualitative way - to non- 
supersymmetric gauge theories. The models in which this proposal is perhaps most 
easily verified are those where supersymmetry is spontaneously broken (through the 
introduction of an additional sector of fields || - 0) or those where soft, explicit 
supersymmetry breaking terms are added as a perturbation on the gauge dynamics 
|| . The latter scheme of supersymmetry breaking was used in the original proposal 
of supersymmetric grand unified theories M , [TO and provides a general framework 



for the usual formulation of the Minimal Supersymmetric Standard Model |TT 



In a series of papers, it was argued that the addition of perturbative, soft super- 
symmetry breaking mass terms, with m? > 0, essentially preserves the qualitative 
picture of the dynamics derived for iV = 1 supersymmetric QCD (SQCD) fll2"| . 
An effective low energy theory is used in terms of color singlet meson and (for 
Nf > N c ) baryon fields, appropriate for the confining phase, and the effects of the 
non-perturbative superpotential of Affleck, Dine and Seiberg |J are included. It was 
shown that flavor symmetry is dynamically broken from SU(Nf) x SU(Nf) down to 
SU(Nf), just as in standard non-supersymmetric QCD. Indications are that, mostly, 
the dynamics admits a smooth transition to that of standard QCD, corresponding 
to the limit of large soft breaking mass terms. For special arrangements of N c and 
Nf, however, phase transitions may occur as the mass is increased, a possibility 
considered by 

In the present paper, we investigate N — 1 supersymmetric QCD, again with soft 
supersymmetry breaking mass terms added, but this time with m 2 < for at least 
some of the squark fields. For general values of the soft supersymmetry breaking 
mass terms with m 2 < 0, the Hamiltonian will become unbounded from below, thus 
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destabilizing the entire theory. For certain simple ranges of the masses, however, 
we show that stable vacua exist through a balance between the soft supersymmetry 
breaking mass terms, the quartic D 2 term for the squark fields and ( for Nf < N c ) 
the non-perturbative effective potential. We argue that in these solutions, flavor as 
well as color symmetry are spontaneously broken through the vacuum expectation 
value of the squarks. We consider the most general soft supersymmetry breaking 
terms respecting i?-symmetry, for simplicity. 

For the analysis of spontaneous flavor and color symmetry breakdown when 
Nf < N c , we formulate the dynamics in terms of the fundamental quark superfields 
instead of in terms of meson superfields, in contrast with the analysis in ref . ||12|| . This 
choice appears more natural when dealing with the theory in the Higgs phase, rather 
than in the confining phase. In fact, the original calculation of the nonperturbative 
superpotential was justified precisely by considering gauge symmetry breakdown 
due to the vacuum expectation values of squark fields || . 

For small values of the soft supersymmetry breaking mass terms, we expect the 
confining and Higgs phases to be smoothly connected to one another, with matching 
low energy spectra. We find that this principle of complementarity between the 
confining and Higgs phases 0] can indeed be satisfied in these theories. To do 
so however, it appears to be necessary to consider the most general low energy 
effective action (consistent with internal symmetries and supersymmetry) in the 
confining phase. This action must include terms of higher order than was originally 



advocated in ref. 12 



For large values of the soft supersymmetry breaking mass terms, we expect the 
semi-classical spectrum for the Higgs phase, derived in terms of the fundamental 
quark superfields, to remain reliable. Thus, we shall calculate the semi-classical 
spectrum for this model for all ranges of soft breaking mass terms. For Nf > N c + 1, 
we will use the dual variables of ref.|4j], which are more appropriate to describe the 
spontaneous symmetry breakdown of flavor and (dual) color symmetry. 

Finally, we note that there is a simple extension of standard SQCD, obtained 
by gauging also an additional anomaly-free U(l)x symmetry, and adding a Fayet- 
Illiopoulos D-term for the corresponding gauge multiplet. (The simplest case 
would be where this U(l)x is just baryon number symmetry, but any anomaly-free 
U(l)x would do.) No explicit supersymmetry breaking terms are added; instead, 
a supersymmetric mass term is included in the superpotential, which stabilizes the 
vacuum. In this model, supersymmetry is broken spontaneously, and soft mass terms 
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with m 2 < automatically arise from the Fayet-Illiopoulos D-term. This model pro- 
vides an economical realization of some of the effects of soft supersymmetry breaking 
mass terms generated directly by spontaneous breakdown of supersymmetry. It will 
be discussed in a companion paper. A different model has been analyzed which 
obtains the soft breaking terms from the spontaneous breakdown of supersymmetry 
|TJ . 

The remainder of the paper is organized as follows. In Sect. 2, we analyze the 
case where Nf < N c , and propose the use of the original squark fields as relevant 
effective degrees of freedom when some of the soft mass terms have m 2 < 0. Including 
kinetic terms, gauge couplings, soft breaking mass terms and the non-perturbative 
effective potential of ref. ||, we find the ranges of stability for the soft breaking mass 
terms, and the patterns of flavor and color symmetry breakdown. In Sect. 3, we 
analyze the case of supersymmetric QCD with Nf > N c + 1, with the help of the 
duality correspondence of Seiberg. Here, we add mass terms not to the original 
squark fields of the theory, but rather to the dual squark fields, which carry the dual 
color quantum numbers of SU(Nf — N c ). In Sect. 4, we point out the difficulties 
encountered with our approach for Nf = N c and Nf = N c + 1 and discuss the region 
of validity of our analysis. 



2. Dynamics for Nf < N c 



In this Section, we shall consider supersymmetric Yang-Mills theory with gauge 
group SU(N C ) and Nf flavors of squarks and quarks (with Nf < N c ), transforming 
under the representation N c © N c of SU(N C ). This theory is the natural supersym- 
metric extension of QCD, and will be referred to as SQCD. The corresponding chiral 
superfields 

Q a l Q? a = l,.-.,JV c ; i = l,.--,N f , (2.1) 

contain the squark fields Q and Q and the left-handed quark fields ipQ and i/jq 
respectively. There is a natural color singlet meson chiral superfield T, defined by 

= QtQj (2.2) 

with scalar components Tj . Superfields are denoted by a cap on the scalar compo- 
nents. 
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As a starting point we consider classical massless SQCD whose Lagrangian Cq 
is determined by SU(N C ) gauge invariance, by requiring that the superpotential for 
the quark superfields vanish identically : 

C = J d 4 9ti{Q j e 2aV Q + Qe~ 29i/ Q ] } + \ J d 2 tiWW + \ j d 2 6 tiWW (2.3) 

This theory has a global symmetry, G f = SU(N f ) Q x SU(N f )Q x U(1) B x U(1) R , 
under which the (bosonic or left-handed fermionic) component fields transform as 

U C QU Q Uq e SU{N f ) Q 

Uq Q U\ U Q E SU(N f ) Q (2.4) 

T ^ Uq T Uq U C E SU(N C ), 

with baryon number charges 1, -1 and respectively, and i?-charges given by 

Q, Q : 1 - N c /N f ipQ, ijQ : - N c /N f (2.5) 

A further classical axial baryon number U(1)ab symmetry suffers a color anomaly 
and is absent at the quantum level. 

Exact nonperturbative results in supersymmetric gauge theories can be given for 
the F-type term which is a chiral superspace integral of a superpotential Wnp H 
of the quark superfields Q and Q given as follows 

d 2 6W N p(Q, Q) = (N c - Nf)A 3+2Nf/ ( Nc ~ NfS> f d 2 9 (detQQ)- 1 ^-^ (2.6) 



The parameter A has dimensions of mass and characterizes the strength of the non- 
perturbative effects. Henceforth, we shall set this parameter to A = 1 to simplify 
notations; its dependence is easily recovered on dimensional grounds. Nonperturba- 
tive corrections are possible for D-type terms such as kinetic terms, but the exact 
results are not available since holomorphy places no direct restrictions on them @]. 



2.1. Soft Supersymmetry Breaking Mass Terms 



We choose to break supersymmetry explicitly, by adding to the Lagrangian Cq 
soft supersymmetry breaking terms for the quark supermultiplet. In general, soft 
breaking operators are defined as those which do not induce quadratic divergences to 
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any order in perturbation theory (apart from vacuum diagrams). The only possible 
soft breaking operators can be summarized as in || : quadratic and cubic terms 
involving scalar fields with the same chirality; quadratic terms between scalar fields 
with opposite chirality (scalar masses); and gaugino masses. With the field contents 
of our model, the color gauge invariance forbids the cubic terms. The quadratic 
terms with the same chirality is forbidden if we want to maintain the flavor symmetry 
SU(Nj)q x SU(Nf)n. The gaugino masses violate the U(1)r symmetry. On the 
other hand squark masses that are separately equal on Q and on Q will preserve 
the entire flavor group invariance SU(Nf)q x SU(Nf)Q xf/(l) B x U{1)r. Therefore 
we shall assume in this paper that squark masses are the only soft supersymmetry 
breaking terms. 

Besides the above soft supersymmetry breaking operators, there are also the 
supersymmetry preserving masses for quark and antiquark superfields, which are 
evidently soft. However, their presence always explicitly breaks flavor symmetry. 
For example, if a common supersymmetric mass is given to all quarks, the flavor 
symmetry group SU(Nf)g x SU(Nf)q x U{1)b X U{1)r will be broken down to 
SU(N f ) x U(1) B x U(1) R . 

For the sake of simplicity, we shall add to the Lagrangian only soft supersym- 
metry breaking squark mass terms and neglect effects due to gaugino masses and 
supersymmetric flavor masses. Generic mass squared for squark and antisquarks are 
given by matrices Mq and Mq 

C sb = -{ trQMjQt + trQ+MjO} (2.7) 

As we remarked above, when Mq and Mq are proportional to the identity matrix, 
the global flavor symmetry is unchanged : SU(Nf) Q x SU(Nf)q x(/(l) B x U(1) R . 

The soft supersymmetry breaking masses can be expressed in terms of spurion 
superfields fj and fj in superspace formalism || 

C ab = - J d A 9 ( trQfj& + trQ'fjQ) (2.8) 

fj = Mq\6 2 6 2 , fj = M 2 Q 9 2 e 2 (2.9) 

This expression can be regarded as a spurion insertion to the kinetic term of the 
superfields Q and Q. As long as we insist on the spurion r) and fj as the only 
source of supersymmetry breaking, we do not have any other possible supersymmetry 
breaking terms in the entire Lagrangian. This is because all the other terms including 
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the nonperturbative superpotential ( |2.6| ) do not allow for any dependence on the 
spurion superfields fj, fj, which are not chiral. If one assumes that chiral spurion 
superfields p = m6 2 are also present as a source of supersymmetry breaking, one 
finds supersymmetry breaking terms of the F-type arising from the superpotential, 



such as the nonperturbative one (|2.6| ). We will only use the spurion of the general 
superfields fj, fj in eq. ( |2.9| ) in this work. 

When both Mq and Mj are positive definite, the vacuum expectation value of 
the fields Q and Q will vanish, and no spontaneous flavor symmetry breakdown is 
expected to occur (neglecting possible effects due to the nonperturbative potential 
in eq. (fOl) ). Color confinement is expected to take place and the physical spectrum 
should consist solely of color-singlet hadrons. This is the so-called confining phase. 
It is appropriate to reformulate the low energy dynamics of the theory in terms of 
color singlet fields only. This is precisely the approach followed by refs. M, |JT2] 



which formulate the effective low energy dynamics of the theory in terms of [] the 
meson fields TV, introduced in eq.( [2.2|) . 



When either Mq or Mq is not positive definite, we expect the pattern of sym- 
metry breaking to be substantially different. Global flavor symmetry should be 
spontaneously broken, and Q and/or Q should acquire non- vanishing vacuum ex- 
pectation values. These non-zero vacuum expectation values, in turn, are expected 
to break color SU(N C ) and give mass to some of the gauge particles through the 
Higgs mechanism. This is the so-called Higgs phase. Exactly how much is left un- 
broken of the color symmetry depends upon the number of squark masses squared 
that are taken to be negative. We shall see that only a limited number of negative 
values can occur if the Hamiltonian is to remain bounded from below. 

According to standard lore, (originally derived from lattice gauge theory) the 
confining and Higgs phases are smoothly connected to one another in at least some 
region of parameter space |14| . There should be a one to one correspondence between 



the observables in both phases, suggesting that - in principle - color singlet meson 
fields could still be used to describe the dynamics of the Higgs phase. In practice, 
however, a formulation in terms of colored fields appears more suitable instead. 
Indeed, physical free quarks and certain massive gauge bosons are expected to appear 
in the low energy spectrum, and it is unclear how to represent these degrees of 
freedom in terms of meson variables. Thus, we shall use the original squark Q, Q, 
quark ipQ, i[)q, and gauge boson and fermion fields as physical variables at low 
*For the case of Nf < N c under consideration, baryon fields do not appear. 
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energy. 



2.2. Vacuum Stability 



We now have all the necessary ingredients to construct the potential of the squark 
fields : the effective non-perturbative contribution to the superpotential of (|2.6| ), 
the soft supersymmetry breaking mass terms of ( |2.7| ) and finally, the square of the 
color D-term arising from the gauge couplings of the Q and Q superfields, as given 
by ( |2.3| ). These contributions are easily worked out in terms of the squark fields, 
and we have f] 

V = tr{g(Qtgtgg)-igt + gt(gggtgt)-ig} idetQQl-V^c-iV,) 



+ L( t rQH a Q - tiQt a Q^) 2 + {trQil^Qt + trQ^M^Q} (2.10) 



2 



2 



where the SU(N C ) generators t a are normalized as tit a t b = \5 ab . 

For zero soft supersymmetry breaking masses Mq and Mq, we recover standard 
massless SQCD. This theory possess no physical vacuum state, as can be seen by 
analyzing the full potential of fl2.10D for Mq = Mq = 0. The potential diverges 



whenever an eigenvalue of QQ tends to zero, thus driving its minimum away from 
Q = and Q = 0. Since both the quartic and the non-perturbative terms are 
positive, we obtain the absolute minimum configuration, with zero value of the 
potential, by setting Q = , (thus cancelling the quartic term) and letting Q = 
— > oo. This is a runaway solution and there is no physical vacuum state. 

For positive values of squark mass squared, the above runaway solution is stabi- 
lized and a physical vacuum for SQCD is generated. 

For generic matrices Mq and Mq, (in particular, with negative eigenvalues) the 
runaway directions can turn into directions along which the potential is unbounded 
from below. This is now possible, because the soft mass terms break supersymmetry 
explicitly, and the Hamiltonian need not be positive any longer. Restrictions on 
the soft mass terms guaranteeing that the potential be bounded from below can 
be obtained as follows. We use global flavor transformations to render the mass 



*Notice that the normalization of the kinetic term, i.e. the Kahler potential in Q and Q is 
canonically equal to 1, so that no new normalization parameter need to be introduced here, in 
opposition to pSfl. 
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squared matrices Mq and Mq diagonal in flavor, and denote their eigenvalues by TOq. 
and ml respectively. Along the special directions Qi = Q], the quartic potential 
vanishes identically and the non-perturbative potential tends to zero as Qi = Qj — > 
oo. If the potential is to be bounded from below, the remaining soft supersymmetry 
breaking mass terms in the potential must satisfy 

m Qi +m Q .>0 (2.11) 

for any pair of i, j — 1, • • -Nf. It is easy to see that this condition is also sufficient, 
as we shall establish later by explicit calculation of the potential in a convenient set 
of coordinates for the fields Q and Q. 

Requiring in addition that the theory possess a well-defined ground state, leads 
to the condition above, but with strict inequalities, which is assumed henceforth. 

The addition of supersymmetric quark mass terms would produce a stabilizing 
effect analogous to that of the positive soft mass squared terms. The pattern of gauge 
symmetry breakdown due to the supersymmetric mass terms has been analyzed in 
ref. If we add the supersymmetric mass terms, we can safely take the limit 
of vanishing soft mass terms without spoiling stability. Our results in this limit 
smoothly connect to the analysis in ref.|J. 



2.3. Description of Vacuum Configurations 



For simplicity, we shall explicitly analyze only the case where the mass squared 
for all Q's and Q's are equal to -Wq and m% respectively, thus preserving the entire 
global symmetry SU(Nf)g x SU(Nf)q x U(1)b x U(1)r. The vacuum configuration 
is assumed to be Poincare invariant and so that the values of Q and Q in the 
vacuum are space-time independent. We shall determine these expectation values 
at the semi-classical level. 

By making a global SU(N C ) x SU(Nf)Q x U(1)b transformation on Q, and the 
remaining SU(Nf)n x U(1)r transformation on Q, we can always rotate the vacuum 
expectation values of Q and Q to the following arrangement 

Q = ( Q £ ] ) (Q(i))i j = Qiti 

Q = ( Q (I) f/t Q m ) (Q(i))i j = QiSi j (2.12) 
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The eigenvalues Qi and Qi, i = 1, • • • , Nf, can be chosen to be real and positive. 
The matrix U G SU(Nf) arises from the fact that color must act on both Q and Q' 
in the same way, so that independent color rotations can be made only on Q. The 
matrix Q^) is a general Nf x (N c — Nf) complex matrix. This choice of variables 
is natural and has the advantage of considerably simplifying the non-perturbative 
potential contribution, especially the determinant. 

To simplify the quartic contribution as well, it will be helpful to split up the 
generators t p of SU(N C ) according to the splitting inherent in eq. (1H2D . We separate 
t p into diagonal generators H p , p = 1, ■ • ■ N c — 1, (of the Cartan subalgebra) and off 
diagonal (or root) generators E p . The diagonal generators can be further separated 
as follows 



I Nf Cl \ Ci — ^/{N c -N f )/2N f N c 

-I Nc - N C 2 ) ' C 2 = ^N f /2N C (N C -N f ), 



H p - ( h h °) H « - ( M (2 13) 

H w ~ { o o ) ' H ® ~ \ o h\ 2) ) ■ {2A6} 

Here, denotes the nxn identity matrix; the matrices h p ^ and h%\ are of dimension 
Nf x Nf and (N c — Nf) x (iV c — Nf) respectively, and are given by 



6j 



1 for 1 < i < p 
(h p )i j = = I -p for i = p + 1 (2.14) 
\/Mp + 1 ) { fori>j9 + 2 

for h p ^, p = 1, • ■ ■ , Nf — 1 and for h p 2 s, p = 1, ■ ■ • , N c — Nf — 1. Explicit forms for 
the root generators E a will not be needed at this point. 

The potential V(Q,Q) in this basis becomes 
V = I trQ^ + trQg + trQ^Q^Q^t^Q^^} 

i 

+^{(trQ 2 1) ^ 1) ) 2 + (trQ 2 ^) 2 - 2(trQ 2 1) ^ 1) )(trf/Q 2 I) f/ t ^ 1) ' 



2 |v -^(i)-(i); ^ v ,x^ (1) , t(1)A „w^ (1) w ,„ {1) 

-r\ 11^)0(2)^2)) 2 + [Citr(g 2 1) - g 2 I} ) + c 2 trQ| 2) g ( 2) 

+[tr(Q ( i) Q(2)) f (Q(i) Q(2))^ a 

-wig trQ 2 1} + m 2 Q trQ 2 (1) + m 2 Q trQ^Q^ (2.15) 

We wish to minimize V as a function of the variables Qi, Qi, (i.e. the entries of Qn) 
and Qm respectively), Qk\ and the SU(Nf) matrix U. To do this, we shall show 
the following simple results. 
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1. For fixed Qi, Qi and U, the minimum of V in (5(2) is at (5(2) = 0; 

2. For fixed <5«, and (5(2) = 0, the minimum as a function of U is when U Q(i)U^ 
is diagonal, i.e. a permutation of the entries Qi of <5(i)j 

3. Under the conditions of 2., and fixed Ql = J2i QV N f and Ql = £* the 
minimum of the potential is at <5i = <5o and Qi = Qo, for alH = 1, • • • , Nf. 
(We have assumed, without loss of generality, that <5o > 0, <5o > 0.) 

4. The remaining potential is of the same form as the one for Nf = 1, and always 
admits a non-trivial solution with <5o 7^ and <5o 7^ 0. 

To show 1., we notice that every term separately involving Q(2) in V, assumes its 
absolute minimum at (5(2) — 0. The only term for which this is not a priori obvious 
is [Ci tr(<5(!) — <5(i)) + C2 tr<5(2)<5(2)] 2 - We make use of the fact that with the sign- 
assignment of the mass terms, itLq > and itlq > 0, we must have tr<5^ > tr<5/j). 
Since C\ > and C2 > 0, it follows that the above term also achieves its absolute 
minimum when Q(2) = 0- 

To show 2., we set (5(2) = 0, and notice that only a single term depends upon 
the unitary matrix U, given by (trQ^h^)(tTUQ^Wh^). Varying with respect 
to U to find the extrema, we have 

[hfa , UQ 2 {l) tf] trQ 2 (1) h p {1) = (2.16) 

Assuming that <5(i) takes on generic values, this equation requires that UQ 2 ^W 
should commute with all h p ^ matrices, i.e. with all diagonal matrices. This is possi- 
ble only when UQ 2 ^W itself is diagonal. But then the new matrix will be given by 
the matrix in which the entries have been interchanged by a permutation given 
by U. We shall denote this permutation by o\j or just a for short, and its action on 
Qi is then conveniently represented by Qi — > Q a u). To find the absolute minimum 
amongst the (Nf)\ permutations, we make use of the following inner product for- 
mulas for the matrices h, and any two diagonal matrices A and B, with entries 
and Bi respectively : 

E ^ AhP ) ^( BhP ) = 4 E(A - A 3 m - B,) (2.17) 

p=i ZJV i<j 

As a result, the value of the term involving U is re-expressed as 

-/(trQ^Xtrf/Q^ (2.18) 
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It is easy to show that the absolute minimum of this term occurs when all terms in 
the sum are separately positive. This happens when the orderings of Qi and Qi are 
correlated as follows : 

Ql>Ql>Ql>--->Ql f 

Ql(n)>Ql( i2 )>Ql(i 3) >--->Ql(i Nf) (2-19) 
This completes the argument for point 2. 



To show 3., we use (|2.17| ) to express all inner products of traces; then, under the 



conditions of 1. and 2. we have 

-2/(JV c -JV» 



v = E(Qi 2 + Qi 2 ) HQ A 



9 2 

4 



jw E{(^ 2 - Q)f + (Q 2 ~ Q 2 ) 2 - m 2 - Q 2 ){Ql^ - Ql {j) ] 

4iv / i<j 1 
>N C -N f 



V^^{E Q 2 - E Q 2 } 2 _m IE Q 2 + m lY,Q 2 i (2.20) 



Keeping Ql = J2iQ 2 /Nf, and Ql = J2iQ 2 /Nf fixed, while varying Qi and Qi the 
terms on the third line in eq.( |2.20|) are fixed under this variation. It is easy to 



see that the non-perturbative term on the first line of eq. ( |2.20|) assumes its absolute 
minimum when Qi = Q and Qi = Qq for alH = 1, • • • , Nf. (Recall that we arranged 
all Qi and Qi to be positive.) But, for these values, the terms on the second line 
automatically assume their absolute minimum value : 0. Thus, the configuration 
where Qi = Qq and Qi = Qo for alH = 1, • ■ ■ , Nf, gives the absolute minimum for the 
entire potential V subject to the constraint Qi = J2iQ 2 /Nf, and Qo = 'EiQi/Nf, 
which proves point 3. 

To show 4., we substitute the values Qi = Q and Qi = Q for all i = 1, • • • , Nf 
into the expression for V and obtain 

V/Nf = (Ql + QDiQoQo]- 2 " + ^(Ql - Ql) 2 - m\Q% + m\Ql (2.21) 

We have introduced a constant that contains all the remaining dependence on iV c 
and Nf : 
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Clearly, the reduced potential assumes the same form as for a single flavor, but with 
modified value of 7. The minimum conditions are 

= {i-i)Q-^'Q-^' + iQ, 2 - 2l Ql- 2l -^{Ql-Ql)+ml 

= (i-i)Qo 27 Qo 27 + iQt 2l Qo 2 ~ 2l + ^(Ql-Ql)-^i 2 Q (2.23) 

It is very convenient to introduce new variables v and x with < x < 1, in terms of 
which we have 

Ql = v 2 (\+x) Ql = v 2 {l-x), (2.24) 

The equations for Q Q and Qq are equivalent to requiring v 2 = v\(x) = v%(x), where 
the functions v\{x) and v 2 (x) are given by 

\ - m^-i/*r(i _ x 2 )- 1 / 2 - 1 ^{4 7 - 2 + 2x 2 } 1/27 



v 1 {x) = {rrVh — m 



VAX) ~ ?! 2x 27-l + x 2 / 1 5j 

As x ranges from to 1, the function v\{x) is monotonically increasing to 00 as 
x approaches 1, while v 2 (x) is monotonically decreasing from 00 as x approaches 
0. From this behavior, it is clear that (|2.25| ) admits a unique solution for any 
arrangement of g 2 > 0, 7 > 1 and masses tuq — itlq > 0. (Henceforth, we find it 
convenient to express physical parameters, such as masses of various particles, in 
terms of the original dimensionless parameters 7 and g, and the quantities v and x 
determined by the implicit equations of (2.23).) 

It is easy to find an approximate solution for the limit where both Q and Qq 
are large. This limit corresponds to v 2 large, and according to ( |2.25D this means x 
small : 

v 2 ~ (47- 2)V*r (m|- m 2 Q )-^ 

x ~ -L(4 7 -2)- 1 /27 (m | W Q )K-m 2 Q )V27 (2.26) 

This situation will occur if the masses rriQ and mn are small compared with the 
non-perturbative scale A, or when these masses are large, but only their difference 
is small compared to A. 

If we let the mass squared for quarks to increase from negative values -mg to 
positive values, we find that our solutions smoothly connect to the positive mass 
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squared case in ref . [12j . Their analysis was done using meson variables appropriate 
for the confining phase, whereas ours uses the colored fundamental quark variables 
appropriate for the Higgs phase. This smooth transition gives further evidence 
for the complementarity of confining and Higgs pictures in the case of quarks in the 
fundamental representation |14| . We shall further substantiate this complementarity 
by comparing the mass spectra in Section 2.6. 



2.4. Spectrum and Unbroken Symmetries 



It was shown previously that soft supersymmetry breaking squark mass terms may 
be introduced, which respect the full SU(N C ) x SU(N f ) Q x SU(Nf)q xU(l) B x U(l) R 
symmetry. Under the assumption that m 2 Q < nig, we found that the squark fields 
acquire non-zero vacuum expectation values, 

(0|Q|0> = ( QoI Q Nf ) (0|0|0) = ( Q I Nf ) (2.27) 

with Qq and Q given by eqs. (|2.24j) and (|2.25|) . In view of these expectation values, 
color and flavor symmetries are spontaneously broken to 

SU(N C - N f ) x SU(N f ) v x U(1) B (2.28) 

Here, SU(Nf) v is the diagonal subgroup of the SU(Nf) subgroup of color and the 
flavor group SU {Nf)Q x SU (Nf)q. The spectrum of the model will transform under 
linear representations of this unbroken group. 

In this Section, we shall calculate the masses of the various elementary con- 
stituents, in terms of the breaking parameters evaluated previously. We begin by 
separating the field variables according to irreducible representations of SU(N C — 
Nf) x SU(Nf)v- Different fields can mix only (and will mix in fact) if they have 
the same spin and transform under the same irreducible representation of SU(N C — 
Nf) x SU(Nf)v- Thus, the mass matrix can be diagonalized in each respective 
representation subspace. The separation of variables is effected as follows 

Q = ( {Q " + ^S"' + Qm ) • Q = ( {Q ° + + Qm Qm ) 



14 



*, = ( 7l^' + ^ V v« = ( fyis, + *m *m ) (2.29) 

, _ / A^i) A^a) \ , „ » _ / A(i) A( 2 ) \ > „ 

V A M(2) A M(3) / V A (2) A (3) / 

The fields Q(p), 0(0) > ^(0)5 VYo)) ^V(o) an d A (o) are uniquely denned, provided we 
insist on the following conditions 

= trQ(i) = trQ(i) = tr0(!) = tr^(i) (2.30) 
= tM At(1) = trA^aj = trA { i) = trA (3) 

The transformation properties and multiplicity of these fields are summarized in the 
tables [!]-[] for fields of spin 1, spin 1/2 and spin respectively. 



2.4.1 Spin 1 Masses 



Gauge boson mass terms are read off from the D-term part of the Lagrangian density 
in eq.( f2T3D , and are given by 

- g 2 APA^tr{(0\Q^\0)t p t q (0\Q\0) + (0|Q|0)W(0|Qt|0)} (2.31) 

It is straightforward to read off the masses of the gauge bosons. The would-be- 
Goldstone bosons that are eaten in order to give these vector bosons mass are 
identified by inspecting the linear coupling of the scalar fields to the gauge bosons. 
These couplings are given by 

ig {■^=A m d tt (Q Q (0) + QoQ*o)) + trA Kl) d>*{Q Q {1) + OoOfi)) 

+ trA„ (2 )d"(Qo<?(2) + QoQ^)} + cc. (2.32) 
The properties of the vector bosons are summarized in the table |l|. 



2.4.2 Spin 1/2 Masses 



The fermion masses are governed by contributions both from the superpotential 
(contribution Vi) and from the mixing of the quarks and the gauginos in the D- 
term (contribution V2) in eq. (|2.3| ). The first contribution, in terms of the irreducible 
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Spin 1 


Masses 


Multiplicity 


SU(N f ) x SU(N C - N f ) 






1 


1® 1 




gvV2 


N* f -1 


adjoint ® 1 




gv 


2N f (N c -N f ) 


N* f ® (N c - N f ) © N f ® (iV c - iV»* 







(N c - N f f - 1 


1 (g> adjoint 



Table 1: The spin 1 fields and their masses (iVy < iV c ) 



fields of eq. Q2.29Q is given by 

Vy = -7M^( )V(o) + -7^(0)^(0) + (7 -1)^(0)^) 

tr^ (1) V(i) + tr^(i) V(i) + v 'MM trV> (2 #(2) + c.c. (2.33) 

Here, we have introduced the notation M and M for the effective masses coming 
from the non-perturbative potential. They can be expressed as follows in terms of 
the vacuum expectation values Qq, Qq or in terms of the basic parameters : 

M = g 7+1 g 7 - 1 = (l+x)(m|-m^) 1 / 2 (4 7 - 2 + 2x 2 )- 1 / 2 (2.34) 

Similarly, the contribution Vi may be decomposed in terms of the irreducible fields 
of eq. Q2.29p , and we obtain 

V 2 = -ig/ViQo\o)^(o)+ig/V ; yQo\o)4>(o) 

-z\/2#(3o(trA ( i)^(i) + trA (2 )^(2)) 

+iV2gQ ( trA(i)V»(i) + trA^®) + c.c. (2.35) 

From these mass terms, it is clear that the following groups of fields mix amongst 
each other, but do not mix from one group to the next. Singlets under SU(Nf) : 
(^(0)5 ^(0)5 A(o)); adjoint under SU(Nf) : (^(1), "0(1) 5 fundamental under 

SU(Nf) : ("0(2)) ip(2), A(2), A(2)). Thus, the mass matrix may be diagonalized in 
each set separately. 

In the set (ipm, VVo); A(o)), the masses are governed by the cubic equation 

a 2 

0= M 3 -M 2 -f(M + M)+MU2-f-l)MM + 2—v 2 } 

7 

a 2 

-/(g v / M + g v / M) 2 + 2^-g QoV / MM (2.36) 

7 
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It is instructive to evaluate the solutions in the limit where M, M <C gv , and we 
find the masses 

M° (0) = ^(Qo^/M + Qo^Mf - ^Q Q Va4M + 0(M 2 ) 



M% } = ±-^gv + ±(M + M)-^M° (0) + O(M 2 ) (2.37) 



y/2 j... 1 



The field Wo)j with mass .Mj™, that is light in this limit, is given approximately by 

^(o) = TT^o^o) + Qo^(o)) (2.38) 

while the other two heavy fields correspond to the orthogonal linear combinations. 

In the set (V'(i)j V'(i)) \i))> the masses of the three irreducible representations 
again satisfy a cubic equation, given by 

= M 3 - M 2 (M + M) + MMM + Ag 2 v 2 M - 2g 2 (Q 2 M + Q 2 M) (2.39) 



In the limit where M, M <C gv , we find the masses 

'(1) = ± 2 ^ l, T-^iTi«;--^i (1 ) 



^(D = ^(QlM + Q 2 M) + O(M 2 ) 

Mf» = ±2igv+ l -{M + M)- l -M [1) + O{M 2 ) ) (2.40) 



The field ip^ of mass -M^, that is light in this limit is given approximately by 

^(i) = -^(Qo^(i)+Qo^(i)) (2.41) 

In the set (^(2), ip(2)i ^(2)> ^(2)); the masses of the four irreducible representations 
satisfy a quartic equation which is even, given by 

= M 4 + M 2 {4g 2 v 2 -MM) +Ag A QlQl (2.42) 

In the limit where M, M -C gv, we find 

±M(2) = ±iV2gQ 2 + O(M 2 ), (2.43) 
±A4 (2) = ±iV2gQ 2 + O(M 2 ) 

From the mass eigenvalue equations for fermions, it is evident that M. = eigenval- 
ues can never occur so that all fermions are always massive. 

A summary of all spin 1/2 fields and masses is given in the table 0. 
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Spin 1/2 


Masses 


Multiplicity 


SU(N f ) x SU(N C - JV,) 


^(o), ^(0), A( ) 




3 


1® 1 


^(i), V>(l)> \i) 




3(N 2 - 1) 


adjoint ® 1 


■0(2), A( 2 ), 
"0(2), A(2) 


=bM( 2 ) 

±M(2) 


2Nf(N c — Nf) 
2N f (N c -N f ) 


2AT; ® (iV c - Nf) 
2N f <g> (JV C - JV/)* 



Table 2: The spin 1/2 fields and their masses (Nf < N c ) 



2.4.3 Spin Masses 



Finally, the masses of spin bosons are again found by decoupling the equations 
according to the fields of eq.( [2.29| ). There are three groups of irreducible represen- 
tations : the singlets under SU(Nf) : (Q(p), 0(0)); the adjoints under SU(Nf) : 
(Q(i), 0(1)) an d t ne fundamental under SU(Nf) : (Q(2), 0(2))- The dynamics of 
the scalar fields is governed by the potential V of eq. ( |2.10| ), and we shall now analyze 
the mass spectrum for each of the irreducible groups in turn. 

The dynamics for the group (Q(o), 0(0)) ma y De split as follows. First, the phases 
of Q(o) an d 0(0) are niassless. One of them is eaten by the massive gauge field 
while the other is a true Goldstone boson, and has zero mass. Second, the masses 
of the norms of these fields is given by the reduced potential of ( j2.21| ), and thus 
characterized by a quadratic equation 

a 2 

= - 2 7 ( 7 - 1)MM - 27(7 + 1)M 2 - x 

7 



a 2 - 

(M 2 - 27(7 - l)MM - 27(7 + l)M 2 - — Ql) 

7 



2 2 

-(47(7 - l)~MM - ^-QoOo) 2 (2.44) 
Q0Q0 7 



In the limit where M, M <C gv, the solutions reduce to 

M° (0) = v / 7 (2 7 -l)(M + M)+0(M 2 



\2 



The dynamics of the second group (Q(i), Qm) can be split further into three 
different components. From the couplings to the gauge fields, given in (|2.32|) , it 



18 



-{-Qo(Q(i) - Q{i)) + Qo(0(i) - (2-47) 



appears that the following linear combination 

2^{<2o(<2(i) - Q\i)) + Oo(0(i) - (2.46) 

corresponds to the would-be-Goldstone bosons that are eaten by the gauge field 
A^m. Analysis of the spontaneous symmetry breaking mechanism in the potential 
further reveals that the following linear combination 

corresponds to the true massless Goldstone bosons, transforming under the adjoint 
representation of SU (Nf). The remaining combinations of Q(i) +Qm an d Q(i)+Qm 
have masses determined by a quadratic equation, given as follows 

= (M 2 -2(7-l)MM-2( 7 + l)M 2 - S ^) x 

x (.M 2 - 2( 7 - l)MM - 2( 7 + 1)M 2 - <? 2 Q 2 ) - £ 4 Q 2 Q 2 (2.48) 

In the limit where M, M <C gv, the solutions reduce to 

M w = y/j(M + M) + 0(M 3 ) (2.49) 

The dynamics of the third group (Q(2), 0(2)) further splits into two components. 
From the couplings to the gauge field in ( |2.32fl , it appears that the linear combination 
(and its hermitian conjugate) defined as follows 

■^(QoQ(2) + QoQ\^) (2.50) 

corresponds to the would-be-Goldstone bosons eaten by the gauge field A^ 2 ) (and 
its hermitian conjugate). The remaining linear combination 

^(-QoQ( 2) + QoQ{2)) (2.51) 



V2' 

has mass given by the following exact formula 



M m = \J g 2 v 2 + ^(M + M) 2 (2.52) 

The results on spin boson masses are summarized in the table |3]. The masses 
of the would-be-Goldstone bosons are referred to by the gauge fields into which they 
have combined, so the corresponding masses can be found in the table [l]. 
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Spin 


Masses 


Multiplicity 


SU{N f ) x SU(N C - N f ) 


Q(o), Q(o) 


[A m ],0, Mf 0) 


4 


10 1 


Q{i)i Q(i) 


[A K1) ], 0, Mf x) 


4(JVJ - 1) 


adjoint ® 1 


Q(2), Q(2) 


[A„(2)), M m 


4N f (N c -N f ) 


N* <g> (N c - N f ) © c.c. 



Table 3: The spin fields and their masses (Nf < N c ) 
2.5. Complementarity between confining and Higgs phase 



Let us compare our results with those in ref. fll2| . There, the meson fields T are 
used as fundamental variables in the low energy effective theory. This choice of 
variables is most appropriate to describe the physics in the confining phase. On 
the other hand, in the present paper, we have used the fundamental quark fields 
Q and Q instead, which are more appropriate for the description of the physics of 
the Higgs phase. In nonsupersymmetric gauge theories, with scalar fields in the 
fundamental representation, it was argued that the Higgs and confining phases are 
smoothly connected to one another over at least some region of coupling constants 



14fl . Therefore, one should be able to describe the same physics in terms of variables 
appropriate for either the confining phase or those for Higgs phase. 

Thus, we expect that our results should be reproduced using the field variables 
most suitable for the confining phase, as used in ref. fl2|]. Naturally, this comparison 
will only hold in the limit of small supersymmetry breaking mass terms, where the 



approximations of ref. JL2] are valid, and in the limit of the low mass part of the 
spectrum. 

If we use the meson fields T which are appropriate to describe the physics of 
confining phase, we find the following mass spectrum f\ in the above limit. 

1. The spin 1/2 masses for singlet and adjoint are 

m { , singlet = ^~ (1+7) ' m f, adjoint = J, 1 '^^ ' ( 2 ' 53 ) 



* Here, we have made numerical corrections compared to the original results in ref |12| . However, 
the conclusions reached in this subsection are not dependent upon these corrections in an essential 
way. 
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2. The spin masses for singlet and adjoint are 

, _ 7(7 + 1) .-2(1+7) , _7+l,-2(l +7 ) (25A) 

'"s,singlet ~~ k 2 ' s.adjoint ~ fc2 ' {^-0<±) 

where the vacuum expectation value of T is denoted as t. Here we have 



employed the Ansatz of the Kahler potential for T following ref. [12 



K[f\ = Jfetrftf. (2.55) 

If we use the fundamental quark fields Q, Q on the other hand, which are appro- 
priate to describe the physics of the Higgs phase, we obtain the following low energy 
mass spectrum.[] 

1. The spin 1/2 masses for singlet and adjoint are obtained from the first of 
eqs.flOTD and ( ggjj ) 



^f.singiet = (27 - l)Af, m fiadjoint = M. (2.56) 



2. The spin masses for singlet and adjoint are obtained from the first of eq. ( |2.45 ) 
and second of eq. Q2.49Q 

<sin g ict = 47(27 - 1)M 2 , m s 2 adjoint = 4 7 M 2 . (2.57) 

We see that the qualitative features of the two descriptions are the same, con- 
firming the validity of complementarity between the Higgs and confining phases at a 
qualitative level. However, we find a discrepancy between the results in the two de- 
scriptions upon closer inspection. The mass ratios of the singlet and adjoint particles 
in the two description are different, both for spin 1/2 as well as spin particles. Al- 
though the physical values of the various parameters in the two descriptions cannot 
be directly related, quantities like the mass ratios should be free of any ambiguities. 

The resolution of this discrepancy lies in the following simple remarks. The 
Kahler potential receives qunatum corrections which cannot be controlled by holo- 
morphy. Therefore the simple Ansatz Q2.55D of ref. [12] may not be valid. Moreover, 



when spontaneous symmetry breaking occurs, and there is a nonvanishing vacuum 
expectation value for some of the scalar fields, naive dimensional counting of oper- 
ators has to be modified. In particular, if we are interested in the approximation 



t In the limit of small supersymmetry breaking parameters, we have M, M -C 



gv. 
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with at most two derivatives for boson fields and one derivative for fermion fields, 
then we need to keep all contributions to the Kahler potential in T that only involve 
the fields T and T\ Thus, the Kahler potential used in (2.55) and in ref. |I2" |, is 
not expected to be sufficient to reproduce completely the low energy behavior of the 
model, or the low mass part of the spectrum. Instead, we need to include higher 
order terms in the Kahler potential as well in order to obtain the quadratic terms 
correctly, 

K[T] = fa trT f T + k 2 tr(T f T) 2 + k 3 ( trT f T) 2 + • ■ • . (2.58) 

It is easy to see that the parameters k 2 ,k 3 which are of order A -2 , modify the 
coefficient of the kinetic term as well as the masses of spin 1/2 and particles, in the 



confining description of ref. |12] . In the limit of large vacuum expectation values, we 
have a nearly perturbative situation where our assumption for the Kahler potential 
of the quark superfields is reliable. In this limit, we can find the corresponding 

1/21 



Kahler potential for the meson field explicitly as K[T] = 2tr 
D-flat direction. 



along the 



In principle, similar corrections to the Kahler potential also occur even if we 
use the fundamental fields Q, Q and V which are appropriate to describe the Higgs 
phase physics. However, there is a well-defined limit, the semi-classical limit, given 
by h — > 0, where such corrections vanish. In this limit, the vacuum is determined by 
the minimum of the classical potential, and the masses are just given by the classical 
fluctuations about this minimum, which is exactly what we used here. 



3. Dynamics for Nf > N c + 1 



In this section, we shall consider the case of Nj > N c + 1. It is most convenient 
to use the dual variables instead of the original quark and antiquark superfields Q, Q 
in this case 0] . The dual description for the gauge group SU (N c ) and Nf flavors 
of quarks and antiquarks (with Nf > N c + 1) has a gauge group SU (N c ) with Nf 
flavors, where N c = Nf — N c . The elementary chiral superfields in the dual theory 
are dual quark q and meson T superfields, 

q a i q\ f i j a = l,---,A>; i,j = l,---N f , (3.1) 
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which contain scalar fields q, q, T, and left-handed spinor fields ip q , ifj q and 
respectively. 

The dual theory has color SU (N c ) gauge invariance, as well as the same global 
G f = SU(N f ) Q x SU(N f ) Q x U(1) B x U(1) r symmetry as the original SU(N C ) 
theory. The bosonic and left-handed fermionic components transform under these 
symmetry transformations as 

U c qUl Uq E SU(N f ) Q , 

q^ U Q qW c U Q E SU(N f ) Q , (3.2) 

r — > Uq T Uq U c E SU{N c ), 

with baryon number charges — ^f- and respectively, and .R-charges given by 

q, q : N c /N f T : 2 - 2N C /N f 

il) q , ^ : NjNf - 1 ^ T : 1 - 2N C /N f (3.3) 

A further classical axial baryon number U(1)ab symmetry suffers a SU(N C ) color 
anomaly and is absent at the quantum level. 



3.1. The Effective Potential for Scalar Fields 



Since q, q and T are effective fields, their kinetic terms need not have canonical 
normalizations; in particular, they can receive nonperturbative quantum corrections. 
Thus, we introduce into the (gauged) Kahler potential for q, q and T normalization 
parameters k q and kx as follows 

K[q, f , f , v] = k q ti{q ] e 2 ' 9i) q + qe' 2 ' 9 ^) + k T tif ] f. (3.4) 

Here, we denote by v the SU(N C ) color gauge superfield, and by g the associated 
coupling constant. (Pure gauge terms will not be exhibited explicitly.) In principle, 
these normalization parameters are determined by the dynamics of the underlying 
microscopic theory. Furthermore, it has been pointed out in [|J that a superpotential 
coupling q, q and T should be added as follows 

W = q\Tfq\. (3.5) 
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We add soft supersymmetry breaking terms to the Lagrangian for the dual quark 
and meson supermultiplets. Besides gaugino masses, the possible soft terms are 

C sb = -tr(gM 9 V + gt M Jg) - M% '/ \T\T^ l k - (Aj k l q 4 a q a s T h , + h.c). (3.6) 

Here A is a cubic coupling!] and M 2 , M| and Mf. are mass matrices of q, q and T 
respectively. The i?-symmetry is broken by the A-term in eq.( |3.6[ ) and would also 
be broken by gaugino masses. 

For simplicity we shall assume that i?-symmetry is maintained so that neither 
A-terms nor gaugino masses are present in the Lagrangian. Putting together all 
F and D terms as well as supersymmetry breaking scalar mass terms, the scalar 
potential is given by 

1 1 a 2 

V(q, q, T) = —ti(qq ] q ] q) + — tr(gTTty + q ] T ] Tq) + — (tiqH a q - txqt a q f f 
Kt kg 2 

+tr(q^M*q + qM\t + T ] M 2 T). (3.7) 
where t a denote generators of SU(N C ). 



3.2. Vacuum Stability 



When the eigenvalues of M?, M| and M|> can take generic positive or negative 
values, the scalar potential may be unbounded from below. A necessary condition 
for which the potential is bounded from below is that M|. be a positive definite 
matrix. This is because there is no quartic term of T. 

The D terms vanish when the vacuum expectation values are given by: 

(qi \ 

(0\q\0)= ••. , (0|?|0) = 



V 



q* c 



J 



qN c 



\ 



o 



(3.8) 



with the combinations \qi\ — independent of i. 

* In general this is a four-index tensor in flavor space, but becomes proportional to <5'(^ in 
popular models for soft breaking terms using the supergravity |Ej). 
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If we set the squark masses to be zero, the space where |gj| 2 is independent of % 
and q = is a subspace of the moduli space of vacua. If we insist on flavor symmetric 
mass squared matrix and on having a negative eigenvalue, we are forced to have a 
potential unbounded from below. In fact, in the next subsection, we shall establish 
more generally that to have a potential bounded from below, we must have 

m\ + ■ ■ ■ + m\ c > 0, (3.9) 

where mf are eigenvalues of the matrix M 2 or M|, and they are set to be m\ < 
m 2 . < ■ ■ ■ < m 2 Nf . 

Therefore we consider the simplest stable situation, where the n eigenvalues of 
M 2 is negative and same, while all the others are positive or zero. The n should be 
smaller than N c . For simplicity we shall also assume that the soft supersymmetry 
breaking positive mass squared terms for squarks have a flavor symmetry SU (Nf — 
h)q x SU(Nf)g. As a result, the Nf — n positive eigenvalue of M 2 are all the 
same, while the Nf eigenvalues of M| are the same :M| = m\I^ r We also assume 
M^j k i = m 2 T 5}5l 



3.3. Determination of VEV 



We begin by making a convenient choice of parameterization for the variables 

q and q. We can always represent the vacuum expectation values of q, q and T as 
follows; 

(0|9|0> = U c{1) (q (1) 0)£/J (1) , 

(OklO) = U q{1) ( ) C/ c \ 2) , (3.10) 
(0|T|0) = U q(2) T (1) Ul {2) , 

where 

U c{i) e SU(N C ), U q(i) e SU(N f ) Q , U m e SU(N f ) Q , (3.11) 

9(i) = 9(i) = T (i) = T i$i ( 3 - 12 ) 
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Without loss of generality, the values, g«, qi and T iy i = 1, ■ ■ ■ N c , can be chosen real 
and positive. 

In this representation, the potential becomes 



V(q,q,T) = ^tr^^f/^ + ltr 



q W 1 tt\t 2 TJ 4- TJ^T 2 TJ ( q h ° 
n n U g 1 (l) U 1 + U q 1 (l) U Q n 



+ ^{tr^-t/^C/t?)} 2 (3.13) 
+ tr ( t } o ) + + ^S)) , 

where t/ c = U j c{1) U c{2 ), U q = Ul (2) U q{1) , and Ug = C/J (2 )C^(i)- 

We would like to find a minima of V as a function of gj, q~i, Tj and the unitary 
matrices £/'s. We notice immediately that the minimum of V is at T = for fixed 
q, q and unitary matrices. Varying next, at T = 0, with respect to U c and U q m, we 
obtain 

[faUjfaUt] = 0, (3.14) 
0. (3.15) 
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These equations are satisfied only when U c q^\J\ and W,^M 2 TJ q (X) are diagonal 
matrices, since q 2 ^ is assumed to be a generic diagonal matrix. The argument 
parallels the one given in the discussion of Q2.16]) . (The constraint (|3.15|) allows the 
matrix U q ,^M 2 U q (i} to have arbitrary components in the last Nf — N c columns and 
rows. However, we can use the residual flavor symmetry to diagonalize the matrix 
to obtain the fully diagonal form.) 

Since we assume that n eigenvalues of M 2 is negative, we obtain the reduced 
potential 

i N c ~2 Nc 

v(»,ft) = ^mi + jwllii-i-^+^f (3-16) 

k T i=1 4:N Cl<j 

n N c N c 

- m2 qi J2ii + m ? 2 Z <ii + m2 qJ2yl ( 3 - 17 ) 

i=l i=n+l i=l 

up to permutations of qi and g«. 

For arbitrary values of the parameters, this potential is not bounded from below 
due to the negative sign of the term involving m 2 qi . In order to keep the potential 
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bounded from below, the soft-breaking masses must satisfy a condition, which is 

easily established by considering the special configuration q^ = q, = : 

- nm\ + (JVc - n)m\ 2 > 0. (3.18) 
The extremum conditions for the potential are given by 

ftfr^ + ^^-Wrf-^-EK -?!)}-<) = o, (3.i9) 

(i = l, n), 

ft(^ + ^{(^e-l)(^-^)-E(^-^)} + <) = 0, (3.20) 



(i = n + l, iV« 



(i = l, AQ. 



To solve these equations, we first establish the following facts. 

1. For all i, we must have qf > qf. Indeed, suppose that there exist indices 
ii, • • • ,i p for which qf < qf., while for all remaining indices ik we have qf k > qf k . 
This implies q^ ^ 0, so that the expression inside the braces in eq. ( |3.21| ) has 
to vanish for i = i\, • • • , i p . Adding those equations, we obtain 

rIX-^{(^-P)XX-£)-P E (3.22) 

Clearly, the left-hand-side is always positive and the equation has no solutions 
(except for the solution q = q = 0, only when m? = 0). 

2. For all i > n, either q { = or g f = 0. Indeed, suppose that both qi 
and qi ^ for some i; then by adding their respective equations in (|3.20|) and 
( p.21| ), one obtains a left-hand-side which is strictly positive, precluding the 
existence of any solution. Combining this point with the one above in 1., it 
follows that q~i = for all i > n. 

3. For all i > n, qi = as well. Indeed, if q± = ■ ■ ■ = q n = 0, it follows from ( ^.20[ ) 
that qi are equal to zero for alH. If qf + ■ ■ ■ + q^ ^ 0, this is proved similarly 
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to 1 applying the stability condition ( |3.18| ) to the sum of the expressions in 
braces in eq. ( [3.19|) and eq. ( |3.20|) . 



From these facts, we find that the possible solutions of eq. ( [3.19|) -( |3~21] ) are 

q 1 ,---,q r ^0, <?i, • • -,g s ^ 0, (n > r > s > 0), (3.23) 



and the others are equal to zero, up to permutations of q^ and g«. They dose not 
necessarily make minimal. 



1. The r should be equal to n at the minimal point. Indeed, for n > i > r, the 
second derivative of qi is negative, 



d 2 V 



7.2 



9 



dq 



2N, 



rT ^2(Ql ~ Qk) - 



rn 



qi 



(3.24) 



c k^i 



2. The s should be equal to n or at the minimal point. Indeed, for n > i > s > 0, 
the second derivative of q\ is negative on the extremum solution. 

After all, we find that there are only two solutions for possible minimum, de- 
scribed as follows. 

1. Only qi, • ■ ■ , q n ^ 0, while g« = 0, i > n and q~i = for all i. The values of 
<7i, ■ • ■ , q n are the same. We call the common value as go- The value of go and 
the potential in this configuration are given by 
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~2~ m qi ' 



where 



2. Only q ir --, 

go = gi = • • • 



7 



V 



N c -n 



n 



-m„ 



~9 2 1 



(3.25) 



(3.26) 



q n 7^ and gi, • - • g„ ^ 0, while g« = g^ = 0, i > n. The values of 
= q n and go = g"i = • • • q n are then given by 



V to 



1 



\^g 2 k T {m 2 ^ - m 2 ) + m\ 



qi 



~ ~2 1_ 

''' k r \ \^g 2 kT{rn 2 qi — m|) — m 



(3.27) 
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Given the fact that q\ and q\ must be positive, this expression yields a solution 
only when the following condition is satisfied 

\rg^ T {m\ x -m^>m\ x . (3.28) 

The value of the potential at the stationary point is given by 

_ n tfk T g 2 ( , \l~9 2 -^ 2 \ 2 _ _n_ 4 

Therefore, whenever conditions ( |3.28| ) is satisfied, solution 2 is the absolute min- 
imum of the potential and describes the true ground state. If condition (|3.28|) is not 
satisfied, solution 1 is the absolute minimum. 



3.4. Mass Spectrum 



In our model, the Lagrangian has a global SU(Nf — ti)q x SU{n)Q x U(1)q x 
SU(Nj)q x U(1)b x U(1)r symmetry. When the coupling g is too weak, the condi- 
tion ( p.28| ) is not satisfied, solution 1. is the absolute minimum, and flavor symmetry 
is not broken. On the other hand, when the gauge coupling is strong, the condi- 
tion ( |3.28| ) is satisfied. Therefore solution 2 is the absolute minimum, and flavor 
symmetry is spontaneously broken as follows; 

SU(N f - n) Q x SU(n) Q x U(1) Q x SU(N f ) Q x U(1) B x U(1) R (3.30) 
— > SU(N f - n) Q x SU(N f - n) Q x SU(n) v x U(l) v x U(1) B , x U(1) RI , 

where SU(n)v is the diagonal subgroup of SU(n) C SU(N C ) and SU{n)Q x SU(n)q. 
The spontaneous breaking of the global symmetry induces spontaneous breaking of 
color gauge symmetry SU(N C ) — > SU(N C — n). 

Here we examine the mass spectrum after this spontaneous gauge symmetry 
breaking, SU(N C ) — > SU{n) x SU(N C — n). To do so, we fix the gauge as follows, 

(0|g|0) = ( q f ° ) (0|g10> = ( % 4 I ) (3.31) 
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and we separate the field variables as follow, 

V <?<3> 9(4} J ' 

g = ( (» + H)4 + ff (I > g (8 >\ 



V><3> ^<4> 



</VD 



T, 



<3> 



V>2 



V><2> ^(4> / 



(4) 



^T{3> 



The gauge and gaugino fields can be similarly decomposed, 



A. 



where 



with 



A^i) A^ {2) 



A 



A(i> A (2> 



^T(4> 



A(o>-f^<o> (3.33) 



H, 



CiJ n 
-C a J* 



(3.34) 



Ci 



N r — n 



C, 
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\| 2niV c ' " ' Y 2iV c (iV c - n) 
The fields g( ) , <?(o) , are uniquely defined, provided we insist on the following condi- 



tions 



= trg ( i } = trg<i) = trT (1) = tr^(i) = tr0(i) = tr0 T (i) 
= trA^i) = trA^) = trA(i) = trA< 3 ) 



(3.35) 



3.4.4 Spin 1 Masses 

Gauge boson mass terms can be obtained from the D-term part of the Lagrangian 
density, and given by 

~k q g 2 tr{(0| g |0)U^(0|g|0) + (0|g|0)A^(0|g|0)t} (3.36) 
= -\K9\iI + f )lA m A^ 0) - k q ~g\ql + q 2 ) t^A^A^ + A^Afa). 

It is straightforward to read off the masses of the gauge bosons, and they are sum- 
marized in the first table 0. The would-be-Goldstone bosons that are eaten in order 
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Spin 1 


Masses 2 


Multiplicity 


SU(N C - n) 




k q 19 2 ((ll + go) 


1 


1 




k q 9 2 {Qo + Qo) 


n 2 - 1 


1 




\K~a\ql + 4) 


2n(N c - n) 


(N c - n) © (N c - n)* 


A v(3) 





(N c -n) 2 -l 


adjoint 



Table 4: The spin 1 fields and their masses in the dual theory 



to give these vector bosons mass are identified by inspecting the linear coupling of 
the scalar particles to the gauge bosons. These couplings are given by 



k g 9y^ A (o) d i^ { Im (%g(o> + qoq*o))} - 2k q gtiA^ {l) d fl {lm(g g<i} + gog{i>)} 



+ 



ik q gtrA^ 2) d fl (q q( 3 ) + q q\ 3) ) + h.c. 



(3.37) 



The boson field Im(g <?(o) + ?o9*o>)' * s e& ten by the gauge field A^y, while the boson 
field, Im(g g(!) + qoq^), are eaten by the gauge field, A^, and the boson field, 



{qoq(3) + qoq\z)), (and its complex conjugate) are eaten by the gauge field, A^). 
The properties of the vector bosons are summarized in the table f|. 



3.4.5 Spin 1/2 Masses 

The fermion mass terms are governed by contributions both from the superpotential 
(contribution V\) and from the mixing of the quarks and the gauginos in the D-term 
(contribution Vq) in eq.( |2.3j ). The first contribution, in terms of the irreducible fields 
of eq. (|3.32|) is given by 



Vi = qo{ipT(o)ip(d) + tr($r<i)V>(i) + V't(2>'0<2>)} 

+ qo{lp{0)1pT{0) + tl(lp( 1 )1p T (l) + ?P(2)4>T(3))} + h.C. 



(3.38) 



Similarly, the contribution V2 may be decomposed in terms of the irreducible fields 
of eq.( |3.32| ), and we obtain 

V 2 = -iv / 2^fc 9 tr(0|g|0) t A^ + iv / 2^ g tr^-A(0|g|0) t + h.c. (3.39) 
-iV2gk q g tr(A(i)^(i> + A< 2 }^<3}) - gotr(^<i)A ( i> + ^<3}A ( 2>) + h.c. 
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From these mass terms, we can get the mass spectrum, but one must take into 
account the effective coupling normalizations of the kinetic terms for the spinors. 
To do so, it is convenient to normalize the fermion fields to canonical expressions 
for the kinetic terms by the following rescalings 



^'q = ^'q = \/ k q^q, = V M>T- (3.40) 

The gaugino A already has canonical normalization by gauge invariance and need 
not be rescaled. The fields may be separated into groups transforming under dif- 
ferent irreducible representations of the color and flavor groups. Singlets under 
color symmetry SU(N c -n) are (ip {2) , ^t<3>), Ot<2>, V>(2>), (A<o), ^(o), ^(o), V"r<o>), and 
(A(i), "0(1), "0(1) > i ) T(i))i an d have Majorana masses respectively. Fundamental under 
SU(N C — n) are (A^),^)) an d anti-fundamental are (A/w,^)) which have Dirac 
masses between each other. 

In the set (A( ), ^(o); VVo); ^t(o}) ; the masses are governed by the quartic equation 
= M A - (Tg% + ^)(q 2 + q 2 )M 2 + l^/^l + fof- (3-41) 



The solutions are 

kqKT 



M 2 T{0) = Jj-^ + ^y (3.1.2) 



In the set (A(i), V'(i), '0(I)> V't(i)), the masses are governed by the quartic equation 
= M 4 - (2~g% + -±-){ql + q 2 )M 2 + 2±~g 2 (q 2 + q 2 ) 2 . (3.43) 
The solutions are 

M 2 {1) = 2k q g 2 (q 2 + q 2 ) 
M 2 T{1) = ^(l 2 o + fo)- (3-44) 

A summary of all spin 1/2 fields and masses is given in the table [5]. 
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Spin 1/2 


Masses 2 


Multiplicity 


SU(N C - n) 


tp(2), ^T® 


1 ^2 


2n(N f - n) 


1 




1 2 
k q k T "iO 


2n(N f - n) 


1 


A(0), ^T(O), 




4 


1 










A(l), 1pT{l), 




A(n 2 - 1) 


1 




M 2 T(1) 






(^(2>, V><s>) 




2n(iV c - n) 


N c -n 


2g 2 k q q 2 ,2g 2 k q q 2 






0(2), V>(3>) 




2n(N c - n) 


(N c - n)* 



Table 5: The spin 1/2 fields and their masses in the dual theory 
3.4.6 Spin Masses 



We give the mass terms of spin masses in terms of the irreducible fields of eq. (|3.32| ) 
In the case of weak coupling, the mass terms follows, 
_ r 

a-' mas 



ml (?( ) + g<o>) 2 + Iml tr (g (1> + q^)' 



+ (™ 2 qi + m 2 q2 ) trg (2> g} 2> + {m 2 q2 



n 



N c -n 



m qi ) trq {4) q ] {4) 



+ 



2 1 



9 2 1 k 



T 



- m l + m| j (q®q® + W { i } q(i) + W^q® 



m l ) tr (^<3>^(3> +?<4>?(4>) 



N r -n 



(3.45) 



1 2 



+ t^ m ?i + m T)( T (o) T *o) + tlT m T (i) + trT (2> T ( 
+ 7T4tr(T (3> TL +T (4> T ( 



t * 

(2), 



<4>, 



The bosons, Im q^ , q^ — q^ , and q^ will be eaten by gauge bosons. There 
is no genuine Nambu-Goldstone boson in this case. 

In the case of strong coupling, the mass spectrum is as follows; 

- Anass = (q® + 4(0}) 2 + \i~g 2 ql (q® + q®] 2 
- (\Tg 2 - ^)0o?o (m + q® ) (q® + q®] 
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+ \tfql tr + g{ 1} ) 2 + ^g 2 q 2 (q {1) + q^f 
~ ~ ^)?o9otr (g<i> + q\ 1} ) + q\ 1} ) 

+ ( m2 qi + m l 2 ) tr9(2>gj 2> + (\g 2 k T - l \ (m 2 qi - m; 



-t 2 

<?0<?<3> - <?0<?<3> 



90 + <?0 



1~~2 \ 
I 2 ^ Q / 2 2\ i t 

(2 n ?7^ 2 / 2 2\ 1 -t 

+ {^K - + r^j (T (0> T ( * 0> + trT^) (3.46) 
+ {ttQo + «4) trT {2>r<2) + ("HZo + ™t) trT^T^ + m 2 T trT ( f 4) T (4) 

Kg Kg 

The bosons, Reg<i) and Regm, will mix. The mass eigenvalues are governed by 
the equation 

= - -Lmd + 4)M> + - (3.47, 

The solutions in the limit where g 2 ^> 1 are 

-M 2 = 79rK - ™%), K ~ m l (3-48) 
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As shown in previous section, the bosons, Im(g <Z(o) + <M*o))j I m (<?o<?(i} + <?o<?(i))> 
{QoQ{3) + 9o9/3))> an d hs complex conjugates are would-be-Goldstone bosons which 
are eaten by gauge bosons. The bosons, Im(g g( } — <?o?*o})> I m (<M(i} ~ QoQ/i)), 
qi2) and gjg) are genuine Nambu-Goldstone bosons corresponding to SU(Nf) — > 
SU(N f - n) Q x 5E7(n) v . 



4. Discussion on the validity of our analysis 

It has been found that the classical moduli space is modified quantum mechani- 
cally for cases Nf — N c ||, |4[]. For Nf > N c , we can define baryon fields 

T>h,-,i}f c _ e Q *l . . . Q %c (AD 
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In terms of the baryon and antibaryon field B and B and meson field T in eq.( |2.2| ), 
there is a constraint classically for Nf = N c which is modified as 

detT - BB = -> detT - BB = A 2Nc (4.2) 

In such a situation, the quantum fluctuations are important and these meson and 
baryon fields cannot be treated semi-classically as a product of elementary quark 
fields. In particular, we cannot regard the vacuum expectation value of the meson 
and baryon fields to be a product of those of the elementary squark fields. There- 
fore even the analysis of vacuum configuration requires more than a semi-classical 
treatment which is used in our paper. This phenomenon clearly suggests that the 
semi-classical treatment of these meson and baryon fields as a product of elementary 
quark fields is not accurate. 

For Nf = N c + 1, the classical moduli space is not modified 0,0. 

B i T i j B j - detT = (4.3) 

Therefore we can use the classical description for vacuum expectation values. On 
the other hand, the nonperturbative potential is given in terms of this combination 
of scalar fields 

W = BiTjW - detT (4.4) 

If the scalar meson and baryon fields are just the simple product of scalar quark 
fields, the relation ( |4.3| ) should hold for fields themselves. Therefore if we take 
fundamental fields Q and Q as dynamical variables and regard the composite fields 
T, B, and B as merely the naive products of them, the superpotential vanishes 
identically. Hence the superpotential ( |4.4| ) implies that we cannot regard the meson 
and baryon fields to be the products of quark fields, and the quantum fluctuations 
are important for these composite fields. 

At the moment we have no good means of analyzing the case where quantum 
mechanical effects are really important such as Nf = N c and Nf = N c + 1. Our 
analysis should be reliable away from these situations (Nf -C N c or Nf ^> N c ) 
and hopefully carries a qualitatively correct result even for situations where such 
quantum effects are important. 

Let us finally reconsider the region of validity of our analysis. The most reliable 
parameter region is clearly the case of small soft mass terms (compared to the gauge 
interaction scale A). In order to avoid the vacuum instability in the limit of vanish- 
ing soft mass terms, we can add a small supersymmetric mass. If we do not have 
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the soft mass terms and have only a generic supersymmetric mass together with the 
nonperturbative superpotential, we obtain a stable supersymmetric vacuum with 
vacuum expectation values for squarks which break gauge as well as flavor symme- 
tries. We can introduce the soft mass terms to this system and repeat the analysis 
almost identical to the one in this paper. Then we find that the results smoothly 
connect to those of the supersymmetric vacuum in the limit of vanishing soft mass 
terms. The region near this situation is most reliable and is nearly perturbative. 
As we increase the value of soft mass terms, we may encounter modifications of the 
nonperturbative effects due to the soft mass terms. Assuming such modifications 
are small, we can explore an interesting situation where the gauge (and flavor) sym- 
metries are broken mainly by the negative soft mass squared terms and calculate the 
nonperturbative corrections for vacuum expectation values and masses due to the 
(mildly strong) gauge interactions. This possibility is a genuinely new interesting 
case, although it clearly involves more assumptions. This assumption is partly sup- 
ported by our analysis of soft breaking terms using the spurion in sect. 2.1. By the 
similar token, our analysis for the case of Nf > N c is accurate when we have small 
soft mass squared terms for dual quarks. However, the relation between dual quark 
field and the original fundamental quark field is nonperturbative and complicated. 
Therefore the relation between the soft mass terms of the original squark field and 
those of the dual quark fields may not be simple. This ambiguity is reflected in the 
fact that we have the unknown coefficient for the Kahler potential of the kinetic 
term for dual quarks k q and for mesons in eq.( |3.4| ). In this respect, our analysis 
for the case Nf > N c involves more assumptions than that of Nf < N c case. 
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